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Abstract

We describe an algorithm for computing an analogue of the modular
polynomial for elliptic curves, for principally polarised abelian varieties
with real multiplication. Given a principally polarised abelian variety
with real multiplication by OK0 , where OK0 is the maximal order in a
totally real number field K0, for any totally positive prime µ in OK0 one
can find a “µ-isogenous” principally polarised abelian variety with real
multiplication by OK0 . We describe an algorithm to compute a birational
model for an algebraic variety which parametrises µ-isogeny classes of
principally polarised abelian varieties with real multiplication by OK0 .
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1 Motivation: from elliptic curves to abelian va-
rieties

We first present a brief background on the theory of modular polynomials for
elliptic curves before explaining our generalisation to higher genus. Let

Eτ ∼= C/(Z + τZ)

be an elliptic curve defined over C, where τ ∈ SL2(Z)\H, with j-invariant j(τ).
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Recall. The j-invariant of an elliptic curve is a modular function for SL2(Z)
which generates the function field of SL2(Z)\H. A modular function for SL2(Z)
is a modular form for SL2(Z) of weight 0 which is only meromorphic at infinity,
i.e. a function j : H→ C which is holomorphic everywhere (but only meromor-
phic at infinity) such that for all M ∈ SL2(Z), j(Mτ) = j(τ). Here SL2(Z) acts
on H on the left by (

a b
c d

)
· τ 7→ aτ + b

cτ + d
.

Definition 1.1. An isogeny is a surjective morphism with finite kernel. An
N -isogeny of elliptic curves for some N ∈ Z is an isogeny with kernel of size N .

Definition 1.2. The modular polynomial of level N , ΦN (X,Y ) ∈ Q[X,Y ], is a
polynomial such that ΦN (j(τ), Y ) = 0 if and only if there exists an N -isogeny
φ : Eτ → Eτ ′ such that Y = j(τ ′). (Then in particular ΦN (j(τ), j(Nτ)) = 0).

Some small examples of modular polynomials were given last week in Yuri
Bilou’s talk.
Knowing this polynomial means that, given an elliptic curve, one can easily find
all those N -isogenous to it (or at least their j-invariants). One application for
this is the computation of isogeny graphs. Our motivation for computing an
equivalent of the modular polynomial in higher genus, especially genus 2, is to
be able to easily compute isogeny graphs in genus 2.

2 Generalising the modular polynomial

The goal of our paper is to compute an equivalent of the modular polynomial for
elliptic curves for principally polarised abelian varieties with real multiplication.
We will first recall the essential background on abelian varieties.

Abelian varieties are described in the following way for example in [Str], Chap-
ter 5.1. Let A be g-dimensional abelian variety over C. Then A is a Lie group,
so there exists a natural complex analytic group homomorphism exp : T0A→ A
which lies in the following exact sequence:

0→ Λ→ T0A→ A→ 0.

Further, Λ is a lattice of rank 2g. From the exact sequence above, and from the
isomorphism T0A ∼= Cg, we see that A ∼= Cg/Λ (*).

From this point on, K0 will denote a totally real number field with [K0 : Q] = g.

Definition 2.1. An abelian variety A has real multiplication by OK0
if there

exists an embedding
ι : OK0 ↪→ End(A).

If we consider an abelian variety A with real multiplication by OK0
with

[K0 : Q] = g, then it is often useful to write A ∼= (K0 ⊗ C)/Λ in place of (*).
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Definition 2.2. An abelian variety A is principally polarised if there exists an
isomorphism

ξ : A −→ A∨

from A to its dual. We will not go into defining the technicalities of the dual
abelian variety here, but this can be found in for example [Sij]. (Intuitively, a
polarisation on an abelian variety over C given by Cg/Λ is a geometric structure
related to a certain type of alternating bilinear form on Λ).

Notation 2.3. We define the following for ease of notation:

K0 ⊗H := {τ ∈ K0 ⊗ C : Im(τ) > 0}.

Note that K0 ⊗H ∼= Hg.

It can be seen in for example [Gor] that if the abelian variety with real
multiplication A ∼= (K0 ⊗ C)/Λ is also principally polarised, then the lattice Λ
can be written in the form Λ = OK0

+ τOK0
for some τ ∈ SL2(OK0

)\(K0⊗H).
Hence define

Aτ := (K0 ⊗ C)/(OK0
+ τOK0

).

Now let
f : A −→ A′

be an isogeny of abelian varieties, and

φ : End(A)⊗Q −→ End(A′)⊗Q

be the induced map on endomorphism rings. This map is induced from the dual
of the isogeny f .

Definition 2.4. We say that f preserves real multiplication if the following
diagram commutes:

End(A)⊗Q
φ // End(A′)⊗Q

K0.
?�

ι

OO

) 	
ι′

66

Definition 2.5. For µ a totally positive prime in OK0
, we say that f is

an µ-isogeny if it preserves real multiplication and if the multiplication map
µ : A → A makes the following diagram commute:

A

φA   

A
µoo f // A′

φA′

��
A∨ A′∨.

f∨oo

Then, in analogue with the case of elliptic curves, |ker(f)| = NK0/Q(µ).
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Recall. A Hilbert modular function for SL2(OK0) is a Hilbert modular form
for SL2(OK0) of weight 0, that is, it is a holomorphic function f : K0 ⊗H→ C
such that for all M ∈ SL2(OK0

) and for all τ ∈ K0 ⊗ H, f(Mτ) = f(τ). Here
SL2(OK0

) acts on K0 ⊗H on the left by(
a b
c d

)
· τ 7→

(
σ1(a)τ1 + σ1(b)

σ1(c)τ1 + σ1(d)
, ...,

σg(a)τg + σg(b)

σg(c)τg + σg(d)

)
,

where τ = (τ1, ..., τg) and (σ1, ..., σg) are the g embeddings of K0 into C.

In analogue with the j-invariant of elliptic curves, given s modular functions
for SL2(OK0), J1(τ), ..., Js(τ), which generate the function field of
SL2(OK0)\(H⊗ K0), for most τ these s functions uniquely determine the abelian
variety Aτ . Hence we will use Aτ and its (J1(τ), ..., Js(τ))-invariant interchange-
ably.

We have now given enough background to state the goal of the paper in a
more precise form:

Goal. Given s modular functions for SL2(OK0
), J1, ..., Js, which generate the

function field of SL2(OK0
)\(H⊗K0), we must find polynomials

F (Y,X1), Gi(Y,X1, Xi) ∈ Q[X1, ..., Xs][Y ] for i = 2, ..., s with Gi linear in Xi

such that for most τ ∈ SL2(OK0
)\(H⊗K0), we have

F (J(τ), X1) = 0 ⇔ ∃µ− isogeny Aτ → Aτ ′ s.t. X1 = J1(τ ′), (1)

and if so, then ∀i = 2, ..., s, Gi(J(τ), J1(τ ′), Ji(τ
′)) = 0,

where J(τ) is something coming from (J1(τ), ..., Js(τ)).

This would give a ‘Hilbert modular variety’ i.e. an analogue of the modular
polynomial ΦN in the following way. Set

I = (F (Y,X1), G2(Y,X1, X2), ..., Gs(Y,X1, Xs)).

Then the affine variety

X0(µ,K0) := Spec
Q[X1, ..., Xs][Y ]

I

has rational points (X1, ..., Xs) given by the (J1, ..., Js)-invariants of abelian
varieties in the same µ-isogeny class.

3 Computing the Hilbert modular variety

For practical purposes, we restrict to genus 2. Recent work of Costello, Deines-
Schartz, Lauter, Yang ([C-DS-L-Y]) shows that in this case we always need only
2 modular functions to generate the function field of SL2(OK0

)\(K0 ⊗ H), so
that Aτ = (J1(τ), J2(τ)). In particular, the ideal defining the Hilbert modular
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variety has 2 defining polynomials, F and G2. For now, we assume that the
Fourier expansions of J1 and J2 are known. We first want to write down an F
which satisfies (1). A µ-isogeny is given by

f : (K0 ⊗ C)/(OK0
+ τOK0

) −→ (K0 ⊗ C)/(OK0
+ µτOK0

)
z 7→ µz,

so the roots of F (J(τ), X1) are given by

J1(µMτ), for each M ∈ SL2(OK0
).

Now if M =

(
a b
c d

)
, then

J1(µMτ) = J1

((
a µb

µ−1c d

)
(µτ)

)
,

which by modularity is equal to J1(µτ) if and only if c ∈ µOK0
. So define the

modular group of level µ to be

Γ0(µ) :=

{(
a b
c d

)
∈ SL2(OK0) : c ∈ µOK0

}
,

and further define
C = Γ0(µ)\SL2(OK0),

giving

F (J(τ), X1) =
∏
M∈C

(X1 − J1(µMτ)) .

Define F |τ (X1) := F (J(τ), X1). We are left with the task of defining a G2

that satisfies (1), so we should have that G2(J(τ), J1(τ ′), X2) = 0 implies that
X2 = J2(τ ′). We first consider a polynomial G(Y,X1) ∈ Q[X1][Y ] such that

G(J(τ), X1) :=
∑
M∈C

J2(µMτ)
∏

M′∈C
M′ 6=M

(
X1 − J1(µM ′τ)

J1(µMτ)− J1(µM ′τ)

)
,

then for all M ∈ C, G(J(τ), J1(µMτ)) = J2(µMτ). However, we want to clear

denominators, so we consider G̃(Y,X1) ∈ Q[X1][Y ] such that

G̃|τ (X1) := G̃(J(τ), X1) =
∑
M∈C

J2(µMτ)
∏

M′∈C
M′ 6=M

(X1 − J1(µM ′τ))

and note that

G̃(J(τ), J1(µMτ)) = J2(µMτ)
dF |τ
dX1

(J1(µMτ)).
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So choose G2 ∈ Q[X1, X2][Y ] in such a way that

G2(J(τ), X1, X2) = G̃|τ (X1)−X2
dF |τ
dX1

(X1).

Now both F |τ and G̃|τ can be written as

F |τ =
∑m
j=0 cjX

j
1 G̃|τ =

∑n
j=0 djX

j
1

for m = |C|, n = |C| − 1 and coefficients cj , dj given by modular functions for
SL2(OK0

). But J1 and J2 generate the function field of SL2(OK0
)\(K0⊗H), so

for each cj , dj there exist rational numbers aj,k,l, bj,k,l such that

cj =
∑
k,l∈Z≥0

aj,k,lJ
k
1 J

l
2 and dj =

∑
k,l∈Z≥0

bj,k,lJ
k
1 J

l
2.

If Fourier expansions are known for J1 and J2, then using the above, Fourier
expansions can be calculated for F |τ , G̃|τ . One can then calculate Fourier
expansions for Jk1 J

l
2 for each k and l, and then compare the coefficients with

the coefficients of the Fourier expansions for F |τ , G̃|τ to determine the rational
numbers aj,k,l and bj,k,l. Furthermore, since the space of modular functions
is finite dimensional, only finitely many of these rational numbers need to be
computed to completely determine each cj and dj .

4 Future work

The code to compute the defining polynomials F , G2 is currently implemented
in one form, but we are still implementing some speed ups. We are also working
on some time estimates with these speed ups. Enea Milio will talk next week
about another method to compute analogues of modular polynomials in genus
2. We are now working on the next step together with Damien Robert.
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